PROPAGATION OF CHAOS FOR THE SPATIALLY HOMOGENEOUS 
LANDAU EQUATION FOR MAXWELLIAN MOLECULES 



KLEBER CARRAPATOSO 



Abstract. We prove a quantitative propagation of chaos, uniformly in time, for the spatially 
homogeneous Landau equation in the case of Maxwellian molecules. We improve the results of 
Fontbona, Guerin and Meleard [7^ and Fournier |8] where the propagation of chaos is proved 
for finite time. 
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1. Introduction 

An important open problem in kinetic theory is to derive Boltzmann equation from a many- 
particle system undergoing Newton's laws of dynamics. The correct scaling limit for this is 
the so-called Boltzmann-Grad or low density limit, see Grad [TD]. The best result is Lanford 
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[IH] who proved the hmit for short times (see also lUner and Pulvirenti [12] and Gallagher, 
Saint-Raymond and Texier [5]). 

Kac |13j proposed to derive the spatially homogeneous Boltzmann equation from a many- 
particle Markov process, performing a mean-field limit. The program set by Kac in [13j was 
then to investigate the behavior of solutions of the mean-field equation in terms of the behaviour 
of the solutions of the master equation, i.e. the equation for the law of the many-particle process. 
We refer to Mischler and Mouhot [TS] for a detailed introduction on Kac's program and for recent 
important results. 

In the same way, we would like to derive rigorously another equation from kinetic theory, 
the Landau equation, from a many-particle system described by Newton's laws. It is an open 
problem, but the correct scalling to this is also known, the weak-coupling limit, and we refer 
to Bobylev, Pulvirenti and SafRrio [5] and the references therein for more information on this 
topic and partial results. We do not pursue this problem here. 

Instead, in this work, we shall use the approach described above introduced by Kac [T3]- 
Hence, we shall introduce a TV-particle Markov process (see section I2.3P from which we derive 
the spatially homogeneous Landau equation in the mean- field limit. The iV-particle process 
used here is obtained by means of the grazing collisions limit applied to the TV-particle master 
equation for the Boltzmann model. We should mention that the A^-particle master equation 
introduced here was, in fact, originally proposed by Balescu and Prigogine in the 1950's (see 
[14] and references therein); and it is also studied by Kiessling and Lancelloti [M] and Miot, 
Pulvirenti and Saffirio [TJ (both in the Coulomb case). 

Let us briefly explain how we can prove the mean-field limit with the approach proposed 
by Kac. Consider the probability density associated to the Landau A^-particle system and 
its evolution equation, i.e. the master equation fsection 12. 3p . Integrating this equation over 
all variables but the first, we obtain an evolution equation for the first marg inal ni(F(^) that 
depends on the second marg inal n2(-F;^). If the second marginal of the probability density 
was the 2-fold tensorization of a one-particle probability ft, then ft would satisfy the Landau 
equation (section l2.2p . However, even if at initial time we start with an iV-fold tensor probability 
(0) = f{0)'^^, this property can not be satisfied at later time because there are interactions 
between the particles. Kac suggested then that the chaos property (see definition below (|l.ip ). 
which is weaker than tensorization, could be propagated in time, which in turns would prove 
the mean- field limit. 

1.1. Known results. Before giving our main results let us present known results concerning 
the propagation of chaos for the Landau equation for maxwellian molecules. 

The work of Fontbona, Guerin and Meleard consider nonlinear diffusion processess driven 
by a white noise that have an interpretation in terms of PDEs corresponding to the Landau 
equation. They construct an A'^-particle system that converges, in the limit N oo and 
in finite time, to the nonlinear process and, moreover, obtain quantitative convergence rates in 
Wasserstein distance W2 ■ Then Fournier [5] , with the same probabilistic interpretation, improves 
the rate of convergence of [7]. 

We should mention that the Landau master equation introduce in this work (section 12. 3p 
differs from the master equation associated to the iV-particle process in ^ |8j , see remark 12.11 

1.2. Main results. Consider a Polish space E, we shall denote by V{E) the space of probability 
measures on E. We denote by Vsym{E^) the space of symmetric probabilities on V{E^ ). We say 
that a symmetric probablity F^ S VsymiE^) is /-chaotic (or Kac chaotic), for some probability 
f &'P{E),ii for all £ e N* we have 



(1.1) 
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where = Iii{F^) is the i-ih. marginal of F'^ and the convercence has to be understood in 
weak sense on V{E^), i.e. the convergence of integral against continuous and bounded functions 
y G Cf,{E)^^ ■ In this paper we are interested in quantitave rates of convergence, more precisely 
we shall investigate estimates of the type, for any ip £ F®^ with F C Ciy{E) and ||(y9||jr«« < 1, 

\{F^ ~f®',v)\<C{(.)e{N), 

with a constant C(£) possibly depending on I and a function e{N) when N — > oo. Another 
possibility is to replace the left-hand side of the last equation by some distance on the space of 
probabilities, as for exemple the Wasserstein distance, Wi{Fl' , f^^). 

The many-particle process can be considered in W^^ and then its law F^ is a symmetric 
probality measure on W^^ , however, thanks to the conservation laws, the process can be re- 
stricted to some submanifold of W^^ . In our case, the dynamics of the many-particle process 
conserves momentum and energy (see section [5] for details) , which implies that the process can 
be restricted to 

(1.2) 5^(f,X):=h-=(z;i,...,z;^)eM'^^; -^^-Mp^f, ^E^''=^ 

l i=l i=l ) 

where £ >Q and M. £ M.'^. We consider through the paper, without loss of generality, the case 
= 0, we denote {£) := S'^ {£, 0) and call these submanifolds Boltzmann's spheres. 

Initial data. Considering the process in {£), we shall need an initial data Ff^ £ 7'sym(5^(f )) 
that is /o-chaotic for some /o e 'P(R''). This problem was studied in |4j , where it is proven that 
for some (regular enough) probability measure / £ ■p(R'^), with zero momentum A4 ^ J vf = 
and energy £ = J\v\'^f, we can construct a propability measure £ Vsym{S^ {£)) that is 
/-chaotic (and also entropically /-chaotic, see section [S] for the definition), by tensorization of / 
and restriction to the Boltzmann's sphere 5^(5). We shall denote this probability measure by 

/I o\ pN _ rf(g)N-\ I AT 

^'■■'> ^ \s-ie)- /^„(^)/«^d7^^ ' 

where 7^ is the uniform probability measure on {£). 

We can now state our main results in a simplified version. 
Theorem 1.1. Consider /o £ 'P{M.'^), with zero momentun and energy £ , and also F^ = 

to JS"(£) 



[f^^]s"(£) £ ^sym (5^ (£")). Let ft be the solution of the Landau equation (see (|2.10p ] with 



initial data fo and F{^ the solution of the Landau master equation (see (|2.29p ) with initial data 

tpN 
^0 ■ 

(1) (Theorems \4.1\ and \4.^ Then, for all N £ N* we have 

sup ^— < ei{N), 

where ei is a polynomial function and £i{N) — > as N 00. 

(2) (Theorem\EMl Then for all N £ W we have 



sup 

t>0 



lff(i^f|7^)-ff(/,|7) 



where £2 is a polynomial function £2{N) — >■ as TV 00, H{f\^) denotes the relative 
entropy of ft with respect to 7, the centered Gaussian probability measure in M.'^ with energy 
£, and H{F^\j^) denotes the relative entropy of F^^ with respect to 7^ (see Section[^. 
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1.3. Strategy. The main idea is to use the consistency-stabihty method developped by Mischler, 
Mouhot and Wennberg in [THl HH]- Consider the semigroups associated to the evolution of 
the iV-particle system and the hmit mean-field equation, this method reduces the problem of 
propagation of chaos to proving consistency and stability estimates for these semigroups. First 
of all, we need to introduce the Landau master equation, which is derived by the asymptotics of 
grazing collisions from the Boltzmann master equation. Then, with the Landau master equation 
and the limit Landau equation at hand, we can investigate the estimates needed to apply the 
consistency-stability method and prove the propagation of chaos. 

1.4. Organization of the paper. Section [2] is devoted to deduce a iV-particle stochastic pro- 
cess modeling the Landau dynamics and to present the limit Landau equation. In Section [3] 
we present the consistency-satability method, with some adaptations, developped by Mischler, 
Mouhot and Wennberg in [THl US] • Finally, in Section [3] we apply the method presented before 
to the Landau model in order to prove the propagation of chaos with quantitative rate and 
uniformly in time. 

2. The Landau model 

Our aim in this section is to present the A^-particle system and the limit mean-field equation 
corresponding to Landau model. The limit Landau equation is well known and we shall present 
it in the Subsection 12.21 Furthermore, in Subsection 12.31 we deduce a master equation for the 
iV-particle system corresponding to Landau. 

Fisrt of all, we present the Boltzmann model, with its master equation and limit equation, 
which will be very useful in the sequel since Boltzmann and Landau equations are linked by the 
asymptotics of grazing collision that we shall explain in details later. 

2.1. The Boltzmann modeL We present here the Boltzmann model, with the limit mean field 
equation and the master equation. The spatially homogeneous Boltzmann equation [271 118j is 
given by, for f = f{t,v), 

(2.1) dtf = Q{fJ) 
with the collision operator given by 

(2.2) Q(5,/)- / B{\v - cos e)(giv:)fiv')^gMfiv))dv^, da, 

and where the post-coUisional velocities v' and are given by 

„s , w + w* , v + v.^ \v-v.^\ 

(2.3) V = + -^a, = — —a 

and COS0 = a ■ {v — v^,)/\v — v.^,\. 

The collision kernel B satisfies i3(|z|, cos6') = r(|z|)6(cos 6^) (for more information on the 
collision kernel we refer to [27 ) for some nonnegative functions F and b. When the interaction 
potential is proportional to r~*, where r denotes the distance between particles, then we have 

T{\z\) = \zp, sm''-^0b{cos0) - CbO-^'" when 6* - 0, 

with 7 ~ (s— 2d+2)/s, for some constant Cf, > and f S (0, 2) (for example in the 3-dimensional 
case we have v — 2/s). In this work we are concerned with the case of true Maxwellian molecules 
7 = (which corresponds to s = 2(i — 2), more precisely 

(2.4) B{\v-w\,cos9)^b{cose) -e~o Cb0^-''-'^. 

We remark that in this case we have Jgd-i b{cosd) da = oo but Jgd-i 6(cos0)(l — cos9) da < oo. 
Another possible way to describe the pre and post-coUisional velocities is the w-representation 

(2.5) v' = V ~ {v ~ v^.,u})uj, vl = + (v - v^, )uj, w e S'*"^ 
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which gives us 

Qb(/,/)= / B{\v~v,\,co)(f{v:)f{v')~ fiv,)f{v))dv,doj, 



with B(z,u!) = |z|'>'&^(a) and a the angle formed by z and lo, and the following relation holds 
(2.6) a^-. *-~2[u, 



\v — w»| \ ' |w — w*| 

Let us now present the many-particle model [THl [SI HSl 131 US] • Given a pre-collisional system 
of velocities V — {vi, . . . ,vn) e R''^ and a collision kernel i3(|z|, cos6') = r(|2;|)6(cos 6*), the 
process is: for any i' ^ j', pick a random time T(T(\vii — Vji\)) of collision accordingly to an 
exponential law of parameter r(|wi' —Vji |) and choose the minimum time Ti and the colliding pair 
{vi, Vj); draw a G E>'^~^ C M.'^ according to the law b{cos9ij), with cos 9ij = cr ■ {vi — Vj)/\vi — Vj\; 
after collision the new velocities become V^'^ = {vi, . . . ,v[, . . . ,Vj, . . . ,V]\j) with 

(2.7) = + h^,, = !i±^ _ h^,. 

^ ^ * 2 2^2 2 

Iterating this construction we built then the associated Markov process (Vf)f>o on R''^. As 
explained in the introduction, we can also consider this process on {£). Then, after a rescaling 
of time, the master equation is given in dual form by [18, 19,, 

(2.8) d,{Fr,^)^{Fr,G^^) 
where 

N 

(2.9) ^B^^TT^Yl - ^.1) / ^>(cos%) (v.:, - if) da 

^^^^^ Jsd-i 

with the shorthand notation (p[j — f{V^j) and (p ~ ^{V) E Cb(M'*^). We shall consider the case 
of Maxwellian molecules, i.e. r(|z|) — 1 and 6(cos6') satisfying (j2.4p . 

2.2. Limit equation. We present here the limit spatially homogeneous Landau equation for 
maxwellian molecules and some of its basic properties, for more information we refer to [271 1251 

m. 

The Landau equation is a kinetic model in plasma physics that describes the evolution of 
the density / of a gas in the phase space of all positions and velocities of particles. Assuming 
that the density function does not depend on the position, we obtain the spatially homogeneous 
Landau equation in the form 

(2.10) dtf^QdfJ) 

where / — f{t, v) is the density of particles with velocity v at time i, w G M'' and t G M+. The 
Landau operator is given by 

(2.11) QL{gJ)=di\l a,j{v-v^){g{v^)djf{v)~djg{v^)f{v)) dv, 

where here and below we shall use the convention of implicit summation over indices. Moreover, 
the matrix a is nonnegative, symmetric and depends on the interaction between particles. If two 
particles interact with a potential proportional to where r denotes their distance, then we 
have 

a.,iz) = A|zr+^%(z), n,,(z) = % - 
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with 7 = [s — 2d + 2)/s and some constant A > 0. As for the Boltzmann equation, we consider 
the case of Maxwelhan molecules 7 = 0, i.e. 

(2.12) a,j(z) = A|z|2n,,(z). 
We also define 

(2.13) bi{z) = ^ja^j = -A{d - l)zi, c{z) = dijUij = -3A{d - 1), 
and we denote 

= a^j * /, bi^bi* f, c* f. 
Hence, we can write the Landau equation in another form 

(2.14) dtf ^d^jd^jf ~cf. 

Moreover, let ^p{v) be a test function, then we have the following weak forms 



(2.15) 
or 

(2.16) 



j QL{f,f)'P J dvdv^ ff*a{v - v^) {^j- - Y^l£^ (V(/3- V*<^* 



Ql(/, f)v =^ J dvdv^ ff^ aij{v - v^)[dijip + {dij(p)^) 



This equation satisfies the conservation of mass, momentum and energy. Moreover, the 
entropy H(f) = J f log / is nonincreasing, indeed taking tp = log / we obtain 

(2.17) Uif) = ~Uff.a{v-v.)m-^).(^-^]dvdv.<0, 



dt 2 7 ^ V ./ f* J \ f f* 

since a is nonnegative, which is the Landau version of the iJ-theorem of Boltzmann. For more 
information we refer to [25) . 

The Landau equation was introduce by Landau (citer livre Landau-Lifschitz). Later it was 
proven that the Landau equation can be obtained as a limit of the Boltzmann equation when 
grazing collisions prevail (see [SI [24] and the references therein for more details). 

2.3. Master equation. We derive a master equation for the Landau model. It is based on [21] 
where they use the grazing collisions limit to pass from Boltzmann to Landau limit equations (see 
also [5]). Since we know the master equation for the Boltzmann model (|2.8p . we shall perform 
the grazing collisions limit to obtain a master equation for Landau model. As explained in the 
introduction, the master equation we derive here (see (|2.29p ) is the same introduced by Balescu 
and Prigorine in the 1950's, and it is also studied in the works [T^ [T7]. 

Grazing collisions. We present here the grazing collision limit as in _24J. Consider the true 
Maxwellian molecules collision kernel b satisfying (|2.4p . We say that concentrates in grazing 
collision if: 



(2.18) 




supe>eo be{cos9) 
/ 6e(cos6')(l - cos6')dCT >A>0. 



For the sake of simplicity, to derive the Landau master equation in this section, we suppose 
the dimension d = 3 to pcrfom the computations, the other cases being the same. 
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From ()2.6p . using a spherical coordinate system (in dimension d = 3) with axis w — w*, we 
have 

a — ^ cos 9 + (cos (j)h + sin (j) i) sin 6. 

\v -v*\ 

Moreover we have \(v — v^,uj)\ = \v — v^\sm{6/2). Finally we can write the operator in the 
following way (see [M] ) 

(2.19) QB{fj)=rd^r^'d0f dv^cmrn- If*), 

Jo Jo Jr'' 

with ({6) = sin''^^ 9b{cos9). In this case, we can rewrite (|2.18p and say that (^e concentrates in 
grazing collisions if for all do > 



(2.20) 



2 



supg>g^ Ce{0) when e ^ 



r'^ 9 

/ sin^ - C^(9) d9 ^ A < oo when e 0. 
Jo 2 



Let us consider then the Boltzmann master equation (|2.8p - (|2.9p . using the form of (|2.19p . 
that is 

"^^^ ^,j=l^Jo Jo 

In this equation, we take a second order Taylor expansion of ip[, and obtain 



^K) - viV) =Dm{V:, -V) + -(F/, - V)^D\[vm - V) 



+ 0{\Vl^~Vf). 

With the incoming and outgoing velocities V and Vl^ (see (|2.7p ). we have 
- F = (0, . . . ,0,^;^ - v^O, . . . ,0,«;- - i;,,0, ... ,0). 
In ^^rn\ . DiflV] and D'^(f[V] are given by 

D^[V] = (V.^(l^))i<,<^ , D^^[V] ^ {%V{V)),^^^^^^ 

where Vi(p = (5«,,a'i^)i<Q<3 and Vfjip = {dvi_a,9vj_^v) i3<3- '^^ substitute V-^ - in 

(P?^ and we get 

+ o(|y/--yp). 

Finally, using (|2.7p and (|2.5p with and Wj, one obtains 

V(VI,) - v{V) --(«,- t^j, w)(V,^ - V,^,o7) (= Ti) 

+ O ( - Wjl^sin^ 



+ i(«, - v,,u:f {Vl^ + Vfjip ~ ~ V^2^} (a;,a;) (= T2) 
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For each pair of particules i et j, in the orthonormal basis { |^'_"^| , h, i}, one has 



■ sm - + (cos <ph + sni (f) i) cos - 



\V^~VJ\ 2 ' ^ ^ ' 2 

and then, using the fact that hnear combinations of cos and sin vanish when integrated over 
^, we can compute the contribution of T\ integrated over </> 

d(l){vi - Vj,uj){Viip - Vjip,uj) = -27rsin^ - {vi - Vj.Viip - Vjip) . 
Now we have to compute the integral of T2 over (jj, we denote 

and in the same orthonormal basis, we compute 

\vi- Wjl^sin^ - / d(j)\al3lOai^p. 

^ Jo 

Again, linear combinations of cos cf) and sin vanish, which implies 

A = \vi - p sin^ - f d(j) sin^ - + X22 cos^ 0cos^ - + A33 sin^ (/)C0S^ - ) 
(2.24) 2 Jo V 2 2 2 J 



= 2t:\v, - VjY [Xii sin^ - + ^ cos^ - sin^ - + cos' - sin^ - 

and we remark that the first coefficient is of order greater than 2 in 6. 

We introduce Ilai3{vi~Vj) the projection over the orthogonal space of |"'~^^ | , and the dominat 
term of ([2:241) when 6* ^ is 



-K\vi - Ujl^sin^ -na/3(Wi - Vj)\al3 



or in matricial notation 



Tr\v, - Vj\ sm -U{v, - Vj) : 



Finally, we obtain 



i J^^ dcf>{^(Vr) - ^{V)) = -| sin^ ^ (2{v, - V,), V,^ - V,^) 

^^■^^^ +^\v, - v,\^ sin2 ^Il{v, - V,) : (Vf^ip + V^- - V^y. - V/,(/.) 

+0 - vjfe^ A l) + O - vjfe^ A l) . 

Consider now the Boltzmann master equation with kernel Q satisfying the grazing collisions 
([T^ and plug (P?^ in it, we obtain then 



^226) ^N^lo ^^CeW|-|sin2-(2(t;,-z;,),V,^-V,^) 

+ Jk.: - v,? sin' ^n(i;,; - v,) : (V2(/. + - - V» 
+ O {\vr - Vjfe^ A 1) + O - ^3 A 1) 1. 
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This can be written in the foUowing way 



= ^ E f / sin^ UO) {-2\v, - -.f n^f^) ■ (V.^ - V,^) 

— 1 ^ I * J I 

(2-27) + ^ E 2 / 2 '^^^^^ '''^ " "^■l'"^''' " ""^'^ '■ ^^"^^ + ^^^'^ ~ ^^^"^ " 

As in [24J, the last term converges to when e — > 0. Then we have, using (|2.20p and the 
definition of the functions a ()2.12p and b ()2.13p . when e — > 

-, w (- _ \ 



1 ^ 

— E - v,\'n{v, - V,) : (V^^ + V^.^ - V^y, - V» 



(2.28) 



2Ar 

TV 

N 



1 ^ 

— E (V^V' + V,^-^ - Vf,^ - V^,^) ^: ^ 



2iV 

and that defines the Landau generator . Finally, we derive the following Landau master 

equation 

(2.29) 

N 

^" " ■ " ■ ' iv / 



, (p) = (fl", G^'^) = ^ I E ^(^« - ^^■) • (^^^ - V,vp)/,^(dl^) 

1 /• ^ 



Remark 2.1. In the paper [7], the Landau equation is studied with a probabilistic approach. 
In particular they prove that the following process associated to a A^-particle system, for i = 



1,...,7V, 



(2.30) dXl = ^ E ^(^* - ^t) dBf + - E KXl - X^) dt, 

^ k=l k=l 

where 5*''^ are iV^ independant M'^-valued Brownian motions, converges to the process 



(2.31) 



Xt = Xo + V2 f f a{Xs - y)W{dy, ds) + 2 f f b{Xs - y)Ps{dy)ds 

Jo JR'' Jo JR'^ 



where Pt is the law of Vt and is a white noise in space-time. Moreover the process (|2.31l) is asso- 
ciated to the spatially homogeneous Landau equation with the coefficients aap (z) := (ccr* )^^ (z) 
and ba{z) := 9^aQ.^(z). Then, the Kolmogorov equation of (|2.30p is, for a test function 
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Lp : R''^ — R and where represents the law of Xt, 



(2.32) 



N 



2J = 1 



In [S] , instead of the process (|2.3ip it was used a similar process with only N independent Brow- 
nian motion, i.e. replacing B"^-^ by i?* in (j2.3ip . and it gives the same master equation ()2.32p . 
We remark that this equation differs from ()2.29p by the terms j — f^j) ■ {~'^ij'P ~ ^ji'P) ■ 

Now, in order to obtain a A^-particle SDE associated to (|2.28p - (|2.29p . we shall modify (|2.3ip . 
Consider then, for i = 1, . . . , A^, M''-valued random variables {Xl)t>o satisfying the following 
equation 

/2 ^ 2 ^ 

(2.33) V z = 1, . . . , iV dXl = ^Y. ^(^* - ^t) dZl-" + ^(^t - ^t) dt 

k=l k=l 
k^i k^i 

where, for all 1 < « < and i < k, Zl'^ = Bl'^ are N{N — l)/2 independent R'^-valued 
Brownian motions and the other terms are anti-symmetric Z^'^ — —Bl'''. As in (|2.3ip . we have 
a(z) = a{z)a*{z) and a is symmetric (recall that a also is), i.e. (j{—z) — a{z). We can rewrite 
(|2.33p . let X ^ {X^ , . . . , X^) we have the following equation 

(2.34) dXt = ^i{Xt) dt + S(Xf ) dWt 
where ^ = {^ii, . . . , /ijv) is given by 

2 ^ 

Vz = 1, . . . , TV, VX = iX\ ...,X^)e R^^, tidX) = ]^ E ^(^' - ^')' 

k=l 

moreover, Wt is constitued of the N{N — l)/2 independent Brownian motion, more precisely 

w^, = , <(^-i)/^) = (B^^ . . . , 5,1-^, . . . , b^^, . . . , 5^-'^-"'), 

i.e. for i < k, Bl''' = Wt" with a = (i - 1){N - i/2) + k - i. Finally, S : R"^^ -> 
AlAr.jv(w-i)/2(Al<i.d(K'^)) is given by, for aU 1 < i < iV, 1 < /3 < N{N ~ l)/2 and X = 

(Xi,...,X^) eR"*^, 

{-^cr(X*-X'''); /3 = 7Vfc-fc^^, 1 <A:<i-l, 
^a(X*-X'=); (^_l)(^r-l) + l </?<^(iV-i±i), fc = ^-(z-l)(iV- 
0; otherwise. 

Indeed, multipliying the ith-row of Ti{X) by dWt we obtain 

V2 ,„i.A; , \/2 , „i .fe \/2 ^ 



which corresponds to the first term on the right-hand side of (|2.33p . 
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Consider a test function (f) : W^^ M and /^^ the law of Xt , then the Kolmogorov equation 
of ([Oill is 

N 



1 ^ r 

and using the symmetry property of a and anti-symmetry of b we obtain (j2.29p . 

3. The consistency-stability method for the Landau equation 

In this section we present the method deveUoped in [18lll9j with some modifications, in order 
to be able to apply it later to the Landau equation in section U) 

3.1. Abstract framework. Consider a polish space E and we shall denote by VIE) the space 
of probability measures on E. Consider also E^ and the space of probabilty measures V{E^), 
over which, through this paper, we will only considerate symmetric measures, more precisely, 
we say that e V{E^) is symmetric if for all Lp £ Cb{E^) we have that 



for any permutation a of {!,..., N}, and where 

forV = {vu...,VN) e E^. 

We then consider a A^-particle system with initial probability density F^ S "PsymC-E^) and 
its evolution equation in dual form, for all (p £ Cb{E^), 

(3.1) a,(^,^,^)=(Ff,G^^). 

It generates a linear semigroup denoted by : F^ H' F^^ . Moreover, we define the dual 
semigroup T^^ by 

(3.2) VcbeCbiE^), yF"" eV{E^), (Tf (,/)), O - {^,S^{F^)) 
and its generator by. 

(3.3) y(t)eCb{E^), dt(f> = G^(t). 

At the level of the limit (mean field) equation, we consider a initial probability density 
/o & 'PiE) and the equation 

(3.4) dtft^Qift). 

We also define its semigroup : /o H> /t. Then, we define the puUback semigroup by 

(3.5) V$ e CbiViE)), V/ e P(i?), [$](/) $ (5-(/)) 
and its generator G°° by 

(3.6) y<i> eCb{V{E)), dt'i>^G°^^. 

We define some applications relating this objetcs. The function vr^ : E^/&n — > 'PiE) is 



defined by, where ©at denotes the group of permutations of {1, ... , N}, 

1 ^ 

(3.7) T,^{V):=f,^^-J25^^ 



i=l 
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and fly is called the empirical measure associated to V. The application vr^ : Cb{V{E)) — > 
Cb{E'^) is given by 

(3.8) eE^,\f'^>eCb{V{E)), 7r^[$](F) 

The application tt^ : ViE^) V{V{E)) is 

\JF^ e V{E^), V$ G Cb{V{E)), 

where the first bracket is the duality V{V{E)) o Cb{'P{E)) and the second one is the duality 
V{E^) O Cb{E^). Finally, the application : Cb{E^) Cb{V{E)) is defined by 

V^eCb(i?^), yfeV{E), 

in the sequel we will denote i?^ :— R^[(p] for ip £ Cb{E^). The functions are the "polynomials" 
on the space ViE), we will see later (exemple 13.6^ that they are continuous in the sense of 
Definitions 13.31 and l3.4[ where we develop a differential calculus on V{E). 

For a given weight function m : E R_|_ we define the A'^-particle weight function 



1 ^ 

(3.11) yV^{v,,...,VN)eE^, M^{V):^-J2mM = {t^^,m)^M^i,,^). 

i=l 

Definition 3.1. For a given weight function mg : E — > R-|_ we define the subspaces of proba- 
bilities 

Vg -.^{feViE); (/,mg) <(^} 

and the corresponding bounded sets, for a e (0, oo), 

BVg,a -.^{feVg; {f,mg)<a}. 

For a given constraint function mg : E such that (/, mg) is well defined for any f & Pg 

and a given space of constraints Rg C M.^ , we define, for any r e Rg, the constrained subsets 

Vg,r:={f eVg; (/,mg)=r}, 

and the corresponding bounded constrained subsets 

BVg,a,r:={f eBVg^a; (/,me)=r}. 

and the corresponding space of increments 

l^e {5 - /; 3 r e Re s.t. gje Vg^. 

We shall consider a distance distg defined on the whole space Vg or such that there is a 
Banach space Q D TVg endowed with a norm || • \\g such that distg is defined for any r e Rg 
on 'Pg,r, by for any /, g G 'Pg,r 

distg(5,/) = ||.g- /||g. 

Definition 3.2. We say that two spaces F and Vg, endowed with the norm || • \\jr and the 
distance distg inherited from the norm || • ||g, arc in duality if 

(3.12) V/,.gGg, V^G.F |(g-/,^)| <diste(5,/)||¥'ll^. 
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Definition 3.3. Consider two metric spaces Gi and G2, some weiglit function A : ^1 — > and 
77 & (0, 1]. We denote by C^^{Gi', G2) the (weighted) space of functions with 77- Holder regularity, 
that is functinos S : Gi ^ G2 such that there exists a constant C > 

(3.13) V/,.ge^i, diste,(5(/),5(5)) <CA(5,/) diste,(/,g)''. 

where A(g,/) = max{A(5r), A(/)}. 

We define then a higher order differential calculus. 

Definition 3.4. Consider two normed spaces Gi and G2, two metric spaces Gi and G2 such that 
Gi — Gi C Gi^ some weight function A : fJi — >• [1, cxd) and 77 S (0, 1]. We denote by C^'''(t/i; G2) 
the (weighted) space of functions two times continuously diffcrentiable from Gi to C/2, and such 
that the 2th derivative satisfies some weighted 77-H61der regularity (in the sense of Definition 

ESI. 

More precisely, these are functions S : Gi ^ G2 continuous, such that there exists maps (for 
j — 1,2) D^S : Gi — > C^{Gi,G2) , where C^{Gi,G2) is the space of j-multilinear apphcations 
from Gi to G2, and there exists some constants Cj > 0, so that we have for all f,g (z Gi, 



(3.14) 





\\S{g)-S{f) 


52 


<CoA(.g,/) 


1.9- 






\\{DS[f],g~f) 


62 


<C,AigJ) 


\9- 




l|5(5) 


-S{f)~{DS[f],g~f) 


52 


<C2A(.g,/) 


1.9- 


j-||l+»7l 
/lISi 




\\{D'S[flig-fr) 


62 


<C3A(.g,/) 


1.9- 


/•lll+'Jl 




2 

Y,{D^S[f],{g~ff^) 




<C4A(g,/) 


\9~ 






i=l 


62 









where 770,771 G [?7, !]• 

We define then the seminorms on C^^{Gi', G2) 



[SI 



sup 



\{DS[f],h)\\g^ 
Hf)\\h\\l° 



[SI 



sup 



\{D^S[f],{h,h))\ 
Mf)[\h\\lT'' 



and 



[5](^o,„o :— sup 



|5(.9)-5(/)||, 



f7:^.M9j)[\9-mv 

\\Sig)~Sif)^{DS[f],g-f)\\g^ 



A 

[SU 



sup 



sup 

f,9&5i 



A(5,/)ll5-/lle: 
5(5)-5(/)-E-=i(^^5[/],(5-/)«^) 



A(<?,/)||.9-/||gt'' 
Finally we combine these seminorms into 

This differential calculus holds for composition, more precisely for U E C^^'(C/i; C/2) and 

V e C'^l^ {G2', Gs) we have S = V o U e C^^'^ {Gi',G3) for some appropriate weight function A5 
and exposant 775. We now state the following lemma 
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Lemma 3.5. Let Qi he normed spaces and Qi be metric spaces for i = 1, 2, 3, such that Qi~Qi C 
Qi. Consider U S C^'" n (7^'^'+"'^/^ n C°'^'+''^/^(gi; ^2), with 7j e (0, 1], and V G ^^^^(^s; ^3)- 
Then the composition function S = V olA G C'^s' H C^^3^~^'^^^^^ H C^3^^''''^^(^i; ^3) and we have 

DS[f]^DV[U{f)]oDU[fi 

D^S[f] = D^V[U{f)] o {DU[f] ® DU[f]) + DV[U{f)] o 
More precisely, the following estimates hold 

[5] „0,(2 + ,)/3 < [V](-iO,l [Zi]^0,(2 + T,)/3 , 

[5] „l,(l + 2r,)/3 < [V](-;l,0 [Z^]„l,(l + 2,,)/3 + [V](-jl,l [Z//] ^0, (2 + r,) /3 , 
^A2 a ^A 

[5]^2,^0 < [V]c,,„ [Z^]^2,0 + [V]p2.0 [U]Iy> > 

[5]p2,,, < [V]pl,0 [U]^2,,, + [V]f-,2.0 [Z^]?,l.(l + 2,,)/3 
a3 A A 

+ 2 [V]p2.0 [Z^lc^.O [W]pl,(l + 2,)/3 + [V]^2,l [U]^^0.{2 + ^)/3 ■ 

Proof of Lemma \3.5l Let f,g € Qi and f,g£Q2- 

By Definition [33] with W e Cj" n n ^2) and V G C^'\Q2]Qz) we 



have 






(3.15) 


U{g)-U{f) = {DU[flg^f) + 


RhigJ) 


U{g)^U{f) = {DU[f],g-f) + 


{DMfl{g~fr')+Rl{g,f) 


with 






(3.16) 


\m9)-m)\\g, < 


[Z^]^o,„o A(g,/)||.g-/||^°, 


(3.17) 


\\{DU[fl9-f)\\g. < 


[U]c.o k{gJ)\\g-f\Z 


(3.18) 


\\Rhi9J)\\g, < 


[ZY]^.., K{gJ)\\g-f\\l+^\ 


(3.19) 


wiD^miig-mig., < 


[Z^]^2,o A(5,/)||.g-/||^t''' 


(3.20) 


\\RU9J)\\g, < 


[Z^]^2„ K{g,f)\\g-f\\l+\ 


where, for 


simplicity, we denote 770 = (2 + ri)/3 and 771 = (1 + 277)/3. 


Similarly wc have for V, 




(3.21) 


Vig)-V{f) = {DV[f],g~f) + 


RvigJ) 


ng)-nf)^{DV[f],g-f) + 


{D'V[f],{-g-fr') + RU9,f) 


with 






(3.22) 


l|V(.g)-V(/)||e3 


< [V]co,i 1 9 - f\ g. 


(3.23) 


ll(^V[/],g~/)||g^ 


< [V]ci,o 1 5 - /I 


(3.24) 


Pv(5,/)lle3 


< [V]ci,i 1 5 - /I L 


(3.25) 


\\{D'V[f],{-9~m,^ 


< [V]c^,o 1 5 - /I L 


(3.26) 


Pv(5,/)lle3 
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Using these estimates we can compute ioi S = V oU^ then we obtain first thanks to (j3.22|) 
and ([XTC]) 

\\S{9)-S{f)\\^^ = \\V{U{9))-V{U{m^^ 
<[V]co^\mg)-Uif)\\g^ 
< [Vlpo,, [Zi]pO,.o A{gJ)\\g-f\\l[ 

which impHes [5] o,(2+„)/3 < [Vjpo.i [W]„o,(2+r,)/3. 
We also have, using (15?^ and (P?T5)) . 

Sig)~S{f)^Vmg))-V{U{f)) 

= {DV[UU)]M9)-m))+R\;m9)M{f)) 
= {DVmf)],{{DU[fig-f)+Rl{gJ)}) 

+ R\;{U{g)M{f)). 

from which we deduce {DS[f],9- /> = {DV[U{f)], {{DU[f],9- /))) and, by and (IXT7)) . 

II {DS[fl9-f)\\g, < [V]c.^o\\{DU[f],g-f)\\g, 

<[v]c,Amc^/>m\\9-m:, 

which yields [5]pi,o < [V]pi,o [Z^]pi,o. 

Therefore, we obtain using (jX^ . ([2211), (j?!^ and 
||5(.g)-5(/)-(i?5[/],5-/>||g3 

< ||(l?V[Zi(/)],i?i(.g,/))||g^^ + ||i?MW(.9),W(/))lle3 
<[V]ci,o ||i?i(5,/)|le, + [V]ci,i ||Z^(g)-Z^(/)||e, 

<[V]^.,o [Uy^.. A(g,/)||g-/||^+"^ + [V]p.,. [Zi]^o,™ A(5, /)^ ||.g - /H^* . 
Since 1 + 771 = 2770 = 1 + (1 + 2ri)/3 and A > 1, the last inequality implies 

[5] 1,(1 + 2, )/3 < [V]^i.o [Z^]„l.(l + 2,)/3 + [V]pi.i [Z-/]^0,(2 + ,)/3 . 

Finally, from ([X^ and ((XTS)) . we have 
Sig)~Sif)^ViUig))~V{U{f)) 

^ {DV[U{f)]M{g)~U{f)) + {D^V[U{f)l {U{g)-U{f)f')+Rl{U{g)M{f)) 

= {DV[U{f)], ( {DU[f],9 -f) + {D^U[f], [g ff') + i?^ (5, f)] 

+ (^D'V[U{f)], ( {DU[f],g -f)+ Rl,{g, /)) 

+ Rl(U(g)M{f)). 
which yields 

{D^S[fl (g - ff') = {DV[U{f)], ( {D^U[f], (g - ff') )) 
+ (D'V[U{f)],{{DU[f],g - f)f') . 
Hence we obtain, with ([223, (jX^ . fXTg)) and ([XT7|) . 

< [V]pi,o [Zi]c^,o A(/) \\g - /II ^+"^ + [V]c2,o ([Z^lc^^^o A(/) ||5 - f\Z 



< (Mci.o [Z^lc^^o + [V]c2,o A(/)^ ||5 - /llet^'^'"^^'- 
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®2 



which gives [5]p2,o < [VJpi.o [W]p2.o + [V]p2,o [Z^]pi.o. 

A2 A A 

Now, for the last estimate we obtain 

\\S{g) - S{f) - {DS[flg - /> - {D^S[fl {g - fr')\\^^ 

< \\{DV[Uif)],RUgJ))\\c;^ + \\{D^V[Uif)l{RUg,f)) 

+ 2 \\{D'V[Uif)l {{DU[f],g- /) ® Rl{g, f)))\\^^ 

+ \\Rlmg)Mf))\\g, 

and using the equations ()3.22|) to (|3.26|) and (I3.16P to (|3.20|) . it gives 
115(g) - S{f) - {DS[f],g- f) {D^S[f], [g ~ fr')\\^^ 

<[V]ci.o \\Rui9J)\\g, + mc-.o \\Rui9,f)\\l^ 

+ 2[V]c.,o \\{DU[f],g~f)\\gJ\Rh{gJ)\\^^^ + [V]c...\\Uig)-m)\\ 
< [V]cuo mcl-. A(.g,/) 115-/11^+" 

+ [v]c2,o rnl^... HgJfWg^ffg^''' 

+ 2[V]^.,o m^.^.o [Uy^.. A(g,/)2 11.9-/111+"^+"° 
+ [V]^., [Z^]^^o..o AigjfWg-fWll^ 
Since 1 + 771 + ?/o = Sryo = 2 + 77 < 2 + 2771 , we deduce 

[S]^2,r, < [V](jl,0 [U]cl-^ + [V]c2,0 [U] (^l,(l + 2rj)/3 



02 



"as 

+ 2 [V]p2,0 [^Ic^.O [Z//]pl.(l + 2,7)/3 + [V]p2,l [Z//]^0,(2 + ,,)/3 . 

□ 

Exemple 3.6. Consider the pair J- and in duality (Definition 13. 2p where J- C Cb{E), and 
consider tp — ipi x ■ ■ ■ x ipf <E F®^'. Then the apphcation i?^ defined in (|3.f0p is C^'^(7'g;M). 
Consider f,g & Vg, then we have thanks to the multilinearity of Ri [HI [T9] that 



K(.9) - <(/)! < ^||^||^«(L=o).-i - /lie, 
|i)4[/](5 - /)| < ^ll^ll^»(L=o).-i 11.9 - /lie. 



|<(5)-<(/)-^i?l[/](.9-/)|< 



D'RUfKg-ff' < 



^21 ^ ije-i) 



Wvllj^^^^iL-^y-^ 11.9 ~ /I 
ll<^l|j^«2^(L~)*-2 llff - /II 



«i2 



K(9) - K(f) - DRUf]i9 - /) - D'R'^[f]{g - /) 

< ^^^'^^^^'^^ ii^ii^«3^(i=.).-3 ii5 - m, 

where we define 

\Mj^s,j0{l--Y-^ ■■= max ( Il<y5ji lb • • • Hv'ti lb TT l^fclU" 

ii,...,?! distincts in [l,tj \ 

y k^ii,...,ij 

Since we shall need endow the subspaces of probability measures in DefInition l3.f I with metrics, 
let us give useful examples. We denote by VpiW^) the space of probabilities with finite moments 
up to order p, more precisely VpiW'-) := {/ e ViE) ; (|w|^, /) < cxd}. 
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Definition 3.7 (Monge-Kantorovich-Wasserstein distance). For f,g G 'Pp(M'^) we define the 
distance 



W^{f,g):= inf / dist(a;, 7r(dx, 



dy) 



where n(/, g) is the set of probability measures on M."^ x M."^ with marginals / and g respectively. 

In a analogous way, we also define, for £ P{P{'M.'^)) and a distance D over P{E), the 
distance 

WiMf^,u) := mi f D{f,g)nidf,dg) 
7ren(/i,L/) ^■p(iR<i)x-p(M<*) 

where n(/^, u) denotes the set of probabillity measures on 'P(R'^) x V{R'^) with marginals fj, and 

V. 

Definition 3.8 (Fourier based distances). For f,g£ Vs{^'^) we define the distance 
(3.27) |/-.U:=sup%^ 

which is well defined if / and g have equal moments up to order s — 1 if s is a integer or [sj if 
not. Wo denote hy the space associated to this norm. 

Definition 3.9 (General Fourier based distances). Let fc e N* and set 

mg := It;]*, nig := {v")^f^d , |a| < A; - 1 

and 

and we define 

V/elPa, ll/lla = l/l. := sup ^ e (o, A;]. 

We extend the above norm to M^(M'') in the following way. First we define for / G MjJ_;^(R'^) 
and a G N'^, lal < fc — 1 the moment 



For a fixed function x in the Schwartz space such that X = 1 over {v G M"^, \v\ < 1}, we define 
then 



Ja|<fe-1 



We may define then the semi-norms 

\j\k — sup 

and the norm 

U:=l/U+ E \^-[f]\. 

\a\<k-l 



18 



KLEBER CARRAPATOSO 



3.2. Abstract theorem. Wc state the assumptions of our abstract theorem 13. Ill 

Assumption Al (N-particle system). The semigroup T^^ and its generator are well defined 
on Cb{E^) and are invariant under permutation so that FJ^ is well defined. Moreover, we assume 
that the following conditions hold: 

(i) Conservation constraint: There exists a constraint function m.g^ : E — >■ MP and a subset 
Rgi C MP such that defining the set 

Eat :={V^ei?^;(^^,me,) eReJ 

there holds 

Vt>0, suppF/^cEtv. 

(ii) Propagation of integral moment bound: There exists a weight function mg-^^, a time T e 



(0,oo] and a constant > 0, possibly depending on mg^, but not on N , such that 



(3.28) V TV > 1 sup ( F/^ , ) < C^g, ■ 

Assumption A2 (Nonlinear semigroup). Consider a probability space Vg^ as in Definition l3.1l 

associated to some function m^j^ and a constraint function mi, and endowed with the metric 
induced from Qi. For some S € (0, 1] and some a e (0, oo), we have for any a g (a, oo) : 

(i) The nonlinear semigroup is well defined : BVg^^a — > BVg^.a: which is ^-Holder contin- 
uous locally uniformly in time, in the sense that for any r e (0,oo) there exists Cr > 
such that 

yLgeBVg,,a sup ll^r^-^r/lle, <a|l5-/lle,• 
o<t<T 

(ii) The application Q is bounded and (^-Holder continuous from BVg^^a into Qi. 
With (A2) we have the following lemma [18, Lemma 2.11] (see also jTSJ Lemma 2.9]) 

Lemma 3.10. Assume (A2). For any a e (a, oo) the pullback semigroup Tj°° defined by 

V/ e BPg,a, ^ G Cb{BPg,a), T^t^K/) := $ (^f^(/)) 

is a Co-semigroup of contractions on the Banach space Ch{BPg^a{E)). 

Its generator G°° is an unbounded linear operator on Cb{BPg^a) with domain Dom{G°^) 
containing Cl'^{BPg^a)- On the latter space, it is defined by the formula 

(3.29) \f^eCl^'>{BPg,a),yfeBPg,a, (G°°$) (/) (i^$[/] , Q(/)) . 

Assumption A3 (Convergence of the generators). Let 7'gj,mgj,Rgj be such as introduced 
in (A2). Define a weight function 1 < m'g < Cmg^ and then the corresponding weight 
Ai(/):=(/,m^J. 

We assume that there exist a function e{N) going to as —> oo and 77 e (0, 1] such that 
for all $ e C^;''(7'ei,r;M) we have 
(3.30) 



<<N) sup K) + [*]c^-°(Ps,.;I 



Assumption A4 (Differential stability). We assume that the flow 

sr e Cl: n Glf n cll'^'^''\Vg,,,Vg^), 
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for any r G Rgj , and that there exists C|" > such that 

(3.31) sup / I [S't°°]„l,(l + 2,)/3 + [S^]'to,{2 + ^)/3 + [S^]^2,0 + [S^ffjl.O I dt < C^, 
reRsi Jo V A2 A2 J 

where Vg^ is the same probabihty space as Vg^ but endowed with the norm associated to some 
Banach space ^2 3^1, with A2 = Aj* and ry is the same as in (A3). 

Assumption A5 (Weak stabihty). We assume that, for some probabihty space Pg^ associated 
to a weight function mg.^ , a constraint nig^ , a set of contraints Rg, and a distance distg, , for 
any a > there exists a constant > such that for any r £ Rg., , 

(3.32) v/,ff e 67'g3,a,r, supdiste3 {Srif),srig)) < Crdiste3 if,g). 

t>0 

Theorem 3.11 (Abstract theorem). Let us consider a family of N -particle initial conditions 
G 7-'sym(£'^) o,nd the solution associated = S^{F^). Consider also a one-particle 
initial condition fo € ^^{E) and the solution associated ft = S^{fo). Assume that (A1)-(A2)- 
(A3)-(A4)-(A5) hold for some spaces Vg-, Qi and J-t, i = 1,2,3, and where Qi and J-i are in 
duality. 

Then there exists a constant C G (0, 00) such that for any N,£ N, with N > 21, and for 
any ip = (pi® ■ ■ ■ ® ipi € F'^^ , J" := J^i n ^"2 H we have 
(3.33) 



sup 

t>0 



< C 



{s^{F,^)-{Sr{fo)f\v®l''-') 



As a consequence, if F^ is fo-chaotic the propagation of chaos holds. 
Proof of Theorem VJ.11\ We spHt the term (|3.33p in three parts : 

(^f(^o^)-(^r(/o))^^,</'^i^-') 



+ \{F^,T^{R'^ o ^(V)) - (Fj^, {T^R^^) o ^,^)\ 



+ \{F^, (TrK) o ^^^) - {isr{fo)r , ^) 

and we evaluate each of them. 



(=: T,) 
^3) 



Step 1. For the first term Ti, a classical combinatorial trick (see [21] and [THl Lemma 2.14]) 
implies 



N 



Step 2. For the term T2, we have the following identity 

T.^^jv - TT^rr = - j^iTf-s T!°]ds 

= / TlL^iG'^TTN -7rNG°°)T^ds 
Jo 
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and then for any t > 



To < 



ds 



i°°(Ejv) 



ds 



(3.34) < snp (a/^^^ , S^{F^)) \{MZ^^ )-MG^^iv - ^atG^] T^i?^^ 

thanks to (7\li])-(i) and (A3). 

Furthermore we know that the apphcation T^{R^) = i?^ o S"^ and by assumptfon (A4) the 
semigroup 

sr € Cl: n Cif n C°f +"^/^(7'e.r;7'eJ. 

Moreover, with ip g we have i?^ G C^^^(7'g2;R) (see exemple 13. 6p . Finally, by Lemma [5751 
we obtain that 

Tr(i?^) e C^'^ n G^f n G°f +'')/^(7'e,^r;M) 

with 



[rg°°i?^] „i,(i+2,, 



From assumption (A4), A2 = A^^-* and the estimate of |ji?^|j(^2,i in exemple 13.61 we can deduce, 
plugging the last estimate on p.34p , 

(3.35) T2 < Cmg, e{N) yW^m^^^^^y-^. 

Step 3. For the third term T3 we deduce, thanks to the assumption (A5) and the fact that 



(3.36) 



T3 ^ \{F,^,R'^isnn^)) - RUsnmi 
< iii?iiL„,.. (Fo^,diste3(5r(M^),^r(/o))) 



VllcO-iCPg, 

< i \\ipy^^(^L^y^. cr (i^J^, diste3(M^, /o)) . 
By the definition of the Wasserstein distance 

ya,PeV{Vg,) >Vi,e3(«,/3) mf / diste3 (/, .g) 7r(d/, dg) 

with Il{a, P) the set of probability measures over Vg^ x Vg,^ with marginals a and /3 respectively. 
Taking /3 = S^, the set n(a, (5/o) = {a iSi S^} has only one element and we obtain, with 



distsa (/, g)TT{df, dg) 



^en(^'^Fff,&f„)J Jvg^^Vg^ 

distgM. 9) ^pF^idf) 5 f,{dg) 



(3.37) 



Vg„xVg, 



diste3(/,/o)7r^F(f(rf/) 



Vg, 



diste3(M{;,/o)i^o'Mrf^) 
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where we have used the definition of TTp (see subsection 13. ip in the last equality. We conclude 
then plugging this estimate on (j3.36p . 

□ 



4. Application to the Landau equation 

In this section we will use the consistency-stability method presented in the Section [3] to show 
the propagation of chaos for the Landau equation for maxwellian molecules. To prove some 
estimates for the Landau equation we will prove first the same estimates for the Boltzmann 
equation (as in [18]) with a coUisional kernel satisfying the grazing collisions (I2.18p . Then 
passing to the limit we will recover the same results for Landau. 

Our main theorems are: 

Theorem 4.1. Consider a N -particle initial condition E Vgymi^'^^) and, for all t > 0, the 
associated solution of the N -particle Landau dynamics Fj^ — S^{Fq). Consider also a one- 
particle initial condition /o G 7^2 (IR"^), with zero momentum J vfo = and energy / |wp/o =: 
£ € (0, oo), and the associated solution of the limit (mean-field) Landau equation ft = S'^(fo). 
Suppose further that there exists £q £ {0,oo) such that 



(4.1) supp^^o^C |yeM'^^ ^El^^l' =^^o|- 

Then, forle W, for all 
^ = ^^®...®p,,e F'^', F:=\^:W'^ R"- - / (1 + < oo 

we have, for any N > 2£, 

sup|(5f(^^o^)-(5r(/o))^^,^)l 



t>0 



< C 



£2 £3 

— ||(y5||L=c + C'^ — ||v3||^3^(ioo)f-3 + e\\ip\\wi.^(^^L^Y-i Wi,W2(7rp-Fif ,(5/0) 



As a consequence, if F^^ is fa- chaotic the third term of the right-hand side goes to when 
N — > oo, which implies the propagation of chaos. 

Theorem 4.2. Consider the same framework of Theorem \4-l\ Assume moreover that fo G 
VeO^'') n LP{R'') for some p > I and let F^ [fo^]s«(£) (observe that gU is satisfied for 
this choice of initial data with £q = £). Then it holds: 

(1) For all < e < 9[{7d + 6)^{d + 9)]^^, there exists a constant > such that 

s„p'*'W'''^''"><C.iV-. 

(2) For all t > 0, for all N e N* 

for a polynomial rate p[t) — > as t ^ oo and where 7^ is the uniform probability measure 
on S^{£). 

Remark 4.3. This theorem also holds (with different quantitative rates) for other choices of 
initial data Fq^ that are /o-chaotic. In particular, if we consider fo G 7^2 (R'*) with compact 
support and F^^ = f^^ G Vsy.A^'^^)- 
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The proof of Theorem 14. II relies on the proof of assumptions (A1)-(A2)-(A3)-(A4)-(A5), 
with a suitable choice of spaces, and then on the application of Theorem l3.11l Furthermore, we 
shall prove Theorem 14.21 using Theorem 14. II and some results from pT | [TS l l4]. 



4.1. Proof of Al. Consider the TV-particle SDE Since b and a are Lipschitz, 

existence and uniqueness hold by standard arguments (see [20, Chapter 5]). Hence it defines a 
semigroup , we can then define its generator — (given by (|2.28p - (|2.29p ) and its dual 
semigroup , as explained in section [31 

We have the following lemma. 

Lemma 4.4. The dynamics of the N -particle system (|2.29p conserves momentum and energy, 
more precisely there holds, for all t > 0, 




F^' [dV) = / ^ I > ^ ) ^^o'^ {dV), a G {1, . . . , d} 



and 

^{\V\')FridV)^ [ ^{\V\')F,^idV). 

Remark 4.5. We can easily observe during the proof that if we consider the iV-particle system 
of Remark 12.11 with generator (|2.32p , which is different from the system we considered here 
(|2.29p , we have conservation of energy 

however this is not true for all functions (p — ip{\V\'^). Then, Lemma which is a consequence 
OS this lemma, does not hold for the A^-particle system of Remark |2. II 

Proof of Lemma \4-4\ Let us prove the second equality (energy conservation) , the proof of the 
first one (momentun conservation) being similar. Consider the Landau master equation (|2.29p 
and (p{V) = (p{\V\'^) smooth enough, we have then 



and, for i j, 



Denoting ip' = ip'{\V\'^) and ip" = (p"{\V\'^) for simplicity, we obtain 

= 'iLp'Sajl + 4.^"(ui - Vj)a{Vi - Vj)p. 

Therefore we have 

h{v, - v,){VM\V?) - ^M\y?)) = -2^4 - v,V{v^ - V,) ■ 2^'{\V\'){v, - V,) 
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and 



V;j\^5al3 - [Vi - Vj)a{Vi - Wj)^] 4,(p'Sal3 



E ( [I 

a, ,3=1 I 



+ [\vi - Vj\'^Sal3 - {Vi - Vj)a{Vi - Vj)p] 4(p" {Vt - - V.j)i3 



^■.\V,-V^\''{T,+T2}. 

Computing Ti we have 



(4.3) 



and computing T2 



Ti = Aip' E [l^i ~ - {vi - Vj)a{Vi - Vj)p] Sa/S 



8ip'\vi - Vj\^ 



(4.4) 



T2 = Aip" E [I"'' - - Vj)c{Vi - Wj)/3(5„/3 - {Vi - Vj)l{vi - vj)l] 

n 2- 



E("* ~ "J)" 



a=l 



0. 



Gathering (g^l), ^IM and ([13) wc obtain 

1 
2 



fe(«, - i;,)(V,(^ - Vj(^) + ^a(«, - t-,) : (Vf,^ + V2.(^ - V^-^ ~ V/,(^) 



(4.5) 



0, 



which iniphes, for aU t > 0, 
(4.6) 



Lemma 4.6. Consider such that 



1 ^ 



Then there holds 



Vt > 0, supp F/^ c e M"'^ ; M™ (F) < £0} 



□ 



Proof of Lemma \4.6\ It is a consequence of Lemma |4.4[ with (^(|yp) — 1\v\'^>nSo- Consider a 
mohificr p,, for 77 > 0, i.e. ^,,(2:) — i]^^ p{r]~^ x) , with p G C^(R), p> and suppp C Bi, and 
define ip^ — p^i * tp. Using Lemma 14.41 we have, for aU ry and for aU t > 0, 
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Passing to the limit 77 ^ we obtain 

□ 

Lemma 4.7. Consider such that (^F(^ ,M^) < Ck for k > 2. Then there holds 

sup(Ff,Mf) <Cfe. 

Proof of Lemma \J77[ Consider F^'^ the solution of the Boltzmann iV-particle system (|2.8p - (|2.9p 
with grazing collisions (|2.18p . Then from [THl Lemma 5.3], we obtain the desired result for F^^'^ 
with a constant independent of e. We conclude passing to the grazing collisions limit £ — ^ 0. □ 

Consider the constraint function mg^ : M."^ M+ x M.'^, mg-^{v) — {\v\'^,v) with the set of 
constraints Rg^ : {{r,f) e R+ x M.'^; |rp <r< Eq}. Then Lemma proves (Ali). Moreover, 
Lemma [4.71 proves (Alii) with the weight function mg-^{v) (v)^ = (1 + Iv^)"^ for all v E M''. 

4.2. Proof of A2. Let us define the spaces of probabilities (and the corresponding bounded, 
constrained and increments subsets, see Definition 13. ip 

Vg, ■■= {/ e V{R% Meif) < 00}, 

and, for r G Rg^ , more precisely r = (r, r) = (r, ri, . . . , r^), the constrained space 

Vg,.r ■■= {./ e Vg, ; (/, \v\^) = r, (/, v,) = r, for * = 1, . . . , d}. 

We define then the for some a G (0, 00) the bounded set 

fi^6i,a ■={f^Vg,; A/6(/) <a}, 

and, for any r G Rg^ , the bounded constrained set 

BVg,,a,r {/ G BVg.^a. (/, = r, (/, V,) = r, for I = 1, . . . , d}. 

We endow these spaces with the distance distg^ associated with the norm \\-\\g^ = \ ■ I2 (see 
definitions 13.81 and 13. 9p . 

We have the following lemma. 

Lemma 4.8. Let fo,go G P2(K'') with same momentum, i.e. {fo,v) =^ {ga,v), and consider the 
solutions ft,9t of Landau equation (j2.10p - (j2.1ip . Then 

(4-7) sup|/f -.9(12 < 1/0- gol2- 

t>o 

Remark 4.9. Let us mention that this result can be found in [25j proving uniqueness for the 
Landau equation for maxwellian molecules. There the author indicates that we can prove it 
using the known result for the Boltzmann equation for maxwellian molecules from [23J and then 
passing to the limit of grazing collisions. 

Proof of Lemma \4.t^ Let us split the prove in two steps. First we prove the lemma for the 
Boltzmann equation then we recover the result for Landau equation passing to the limit of 
grazing collisions. 
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Step 1. We shall prove the deasired result for the Boltzmann equation with true Maxwellian 
molecules. This result is prove in [231 US], but we write it for completeness. 

Consider the solutions and gl of Boltzmann equation ()2.1|) - (I2.2|1 with initial data /o and 
go respectively. Denote dP g*^ — and 9^ + , then the equation satisfied for d is 

]-\QBAs'.d') + QBAd\s') . 



dtd' 

Performing the Fourier transform (|lTj), we have 



dtd^O 



da 



where = ^ = and C = 

We recall that is not integrable so we perform the following cut-ofF, which will be relaxed 
in the end, 



(4.8) 



/ &f (cr • ^)da = K, 6f = bel 



\e\>s(K}, 



for some function S, so that = bf^ + bf . In [131 HE] j we observe that the remainder term 



da 



verifies, for any ^ G R'^, < r^l^l, where —> as ivT oo, and is bounded by the 

second order moment. 

Using that ||s|joo < 2, we have 



d id^m 
dt icp 

with 

One obtains 



■+|2 



1 + , 



sup / bf{a-0(\l+\^ + \C\Ada 



R 



K 



ir 



dWm ,;,M!p<i^sup 



2 



dt 

and by a Gronwall's lemma one deduces 



sup 



< sup 



M0\ 



R 



K 



Relaxing the cut-off X — > oo one proves 

(4.9) l/f-<?t|2<|/o-5o| 



if 



Step 2. Since (|4.9p does not depend on e and the solution of the Boltzmann equation converges 
towards the solution of the Landau equation ft (see [24j) when e — )• 0, we obtain the desired 
result. 

□ 

Therefore we have that the Landau semigroup S"^ is C^'^iJ^gi'^Vg^) and (A2)-i is proved. 

To prove (A2)-ii we use [IHl Lemma 5.5], valid for the Boltzmann operator with grazing 
collisions which says that there exists C > and 5 G (0, 1] such that for any f,gG BVg^^a,r 

we have 



\QBAfJ)-QBA9,9)\2<C\f~g\ 



2i 
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with a constant C that does not depend on e. Finally, passing to the limit of grazing collisions 
e — > 0, we have that Qb.e Ql- We prove then (A2)-ii also for the Landau equation. 

4.3. Proof of A3. Let Ai(/) :— {f,mg_^) with the weight TOg^(u) :— (w)'*, where we recall that 
TTigj = {v)^, and then consider the generator of the Landau master equation (|2.29p . 
Then we have the following lemma, which proves (A3). 

Lemma 4.10. For all $ e flrgRg^ C'lfC^ei-r; there exists C > such that 



(4.10) 



™0i 



(G^TTAT - 7rjvG°°) 



C 

< — sup [$](^2,0 



N 



Proof of Lemma \4-lU\ The application M''^ 
Lemma 5.4]) 



Vg,, V ^ fi^ is of class C^'^ with (see [H 
1 



(4.11) 



and for J, 92^_^.^(^7V) ^ 

Let $ e G^f (T'siiM), so R'^^ 
we have 



V ^ <^{fi^) is also G^'". Indeed, let (f) = D<^>[fi^] and 



1 



1 

1 



N 



We compute 
(G^7r^<i>)(y) = G^$(^^) 



N d 



^ E E ^"(^^ - [^''...(^(/^v)) - 5„,,j$(/x^))] 



a — 1 

TV d 



J2 '^o.piv.-v,) <„,„.,,<i>(A^C^)+9„\„,„,,,$(A^0^) 



ij' — 1 a,/3 — 1 
:i2 ^/..ATn 



^ N d 

M E E^"(^*-^ 



— 1 Q — 1 



N d 



^ E E ^c.p{v^-VJ) 
— l a,/3 — 1 

^ E E 



(=: /i) 



i j = l a, 13=1 
1 



iV2 



(=:/2). 
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For the first term we have 

Ji = / / ^ ba{v - u*) [da(t>{v) - da(j){vt.)] {dv) fXy {dv ^) 

+ J2 aMv~v.)[dlpq^iv)+dlpcj,M]fi^idv)f,^idv,) 

a,/3 — 1 

thanks to Lemma [3.101 For the second one, we deduce that there exists C > depending on d 
such that 

r 1 ^ 

since |aa/3(wi — < \vi — Vj\'^. We conclude then 

C 1 ^ 



2 



and therefore we prove (|4.10p . 



□ 



dtf 




f\t=Q 


= /oj 


dtg 


= Q{g,9), 


9\t=Q 


= 30, 


dth 


^2Q{f,h), 


h\t=o 


= 90 - /o, 


dtr 


= 2Q{f,r)+Q{h,h), 


r\t=a 


= 0, 


s 


■= 9 + f, ^ ■= 9- f 


-h, 


-=9- f 



4.4. Proof of A4. In the same way of the subsection 14. 2[ we will use here the Boltzmann 
equation and then perform the asymptotics of grazing collisions to prove the results for the 
Landau equation. 

We define the following equations, denoting by Q the symmetrized version of the Landau 
operator Ql (EUD, i.e. 5) = [Ql(/, 5) + QUg.. /)]/2, 



(4.12) 



and the new variables 

d-~ g- 
which satisfy 

{dtd = Q{s,d), d\t=o=9o-fo, 

dtio = Q{s,w) + Qih,d), c^|t=o = 0, 

5tV = g(s, i^) + Q{h, w) + g(r, d), V|t=o = 0. 

Lemma 4.11. Consider /cffo G 'Pgi.r, r G Rsi, and the solutions ft,gt,ht of (I4.12p - (|4.13p . 

There exists Ai G (0, 00) that for any rj G [2/3, 1], there exists C,, such that we have 

\gt - ft\^ < a,e-(i-'')^^*M4(/o + 50)'/' \go - Ml 

(4.14) 

\ht\, < C, e-(i"")^i* M4(/o + 50)'/' \go - /ol^'- 

Proof of Lemma \4.11\ We split the proof into two steps. Again, we shall first prove the lemma 
for Boltzmann equation with a kernel satisfying the grazing collisions, which is proved in |18] . 
and then passing to the limit of grazing collisions we prove the same result for the Landau 
equation. 
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Step 1. Let us denote by the symmetrized version of the Boltmann operator QB,e (|2.2p with 
kernel he satisfying ^M. i-e- Qe{f. g) = [QsAf, 9) + QbA9. /)]/2. 
Consider the solutions f^, gf and hf of 

(4.15) <^ dtg' = Qei9',gn, g'\t=o = 9o, 

[ dth' = 2Q,{f',h'), h%^o^go-fo, 

and define := g^ — which satisfies (where :— g^ + f^) 

dt(f ^Qeis^^Cp), (p\t=Q^ 9Q- fo- 

Define D — — M.i[cP]. Then the equation satisfied for D is 

dtD = Qe{d',^) ~ dtMi[d'] = Qe{D,^) + Q,iM4[d%r) - M4Qeid' , s')]. 
From [THl Lemma 5.6] we know that, for any ^ e R'^, 

QeiMi[d%r)-M4Qe{d',s')]\<C\^\^ ^ \M4r-g% 

\a\<3 

and also, from [221 Theorem 8.1], that there are constants C,S > such that for alH > 

^ \AUn-gt]\<Ce''' ^ |Af„[/o-.go]|. 

|a|<3 |a|<3 

Then, following [THl and performing the same cut-off as in the proof of lemma 14.81 we have 
that 



d ID 



\D 



\D\ 



(4.16) 



where 



vl«l<3 



K 



6^(^-0 



da 



satisfies, for any ^ e M'', |i?f (01 < ^-f ICI^, with rf -> as i<r -> oo. 
We denote 



and we compute 



/ b^i'y ■ a fie+l' + \r\') da= [ b^ia • (l + (a • 0') da 



- = b^ia • (l - (a • 0') 

^ &e(^ • (l - (^ • C)') da -Ae G (-oo, 0) 



A'-s-oo 

> -A e (-00, 0). 

e-5-0 

One can now apply Gronwall's lemma to obtain 



\D, 



sup < e(^-^)* sup ^ + C I 5: \AUfo ~ go]\ 



J"l<3 



-5t _ p(\K-K)t 

K-Xk-S 



K -X 



K 
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Then relaxing the cut-off — > oo and choosing < A < min((5, Ae) one has 
(4.17) sup ^ < Ce-^* I sup ^ + ^ \MMo - <7o]| 

Using a standard interpolation argument fl8' , one obtains 

\9-f\2<\9-f-M49-fh + c[ J2 \Mc.[g-f]\ 

\H<3 

(4.18) 

<\\g-f- M4f - g]\\]!j' \g-f- Mi[g - f]\T + ^ ( E - /H 

\H<3 

<C7M4(/o+5o)e-(^/2)t^ 
Finally one concludes by writing 

< e-(i-")^* M4(/o + go)'/' |.go - /o|^ 

where we have used the last estimate (|4.18p . lemma and the fact that Mi{fQ + go)' < 
Mi{fa + .9o)'/'^ for 77 e [2/3, 1] . For /it one has the same computations. 



Step 2. Let us now deduce the result for solutions ft and gt of the Landau equation. Coming 
back to (|4.17p and choosing < Ai < min((5, A), where A^ — > A € (0, 00) as e H> 0, we recover 
(|4.19p with the exponent Ai with does not depend on e. Hence, passing to the limit e 0, we 
have g^ — ^ g — f and then 

\gt - fth < a, e-^i-")^^* M4(/o + 50)'/' \go - Ml 

Rigorously, we write 

\gt - ftU < \gt - g\\2 + \h - + \gl - 1^2, 

then for the third term on the right-hand side we use (|4.19p with exponent Ai that does not 
depend on e, and for the other two terms we use that g^ weakly converges towards gt in (see 
Villani [23]), hence \gt — 5f I2 when e ^ and we deduce 

\9t - ft\2 < C,e-(i-'')^^*M4(/o + .90)'/' \go - Ml 

□ 



Lemma 4.12. Consider fo, go G Vg^^r, r G R-6i7 O'nd the solutions ft, gt, ht, ujt and rt of (|4.12p 
and (|4.13p . There exists \\ G (0, c») that for any rj G [2/3, 1], there exists Crj such that we have 

\gt -ft- htU < C,e~^^-n)MtM,{f,+g,Y/^ \g, f,\\+^ 
\rtU < Cr, e-^i-")^^* M4(/o + go)'/' [go " /ola^" 
Proof of Lemma \4.12\ Let us split the proof into two steps. 
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Step 1. As in Lemma 14.111 "^6 consider Qe the symmetrized version of the Boltmann operator 
QB,e and the solutions /f , gl and hi of (j4.15p . 
Consider also rf solution of 

(4.21) 5tr^ = 2Q,(/^r^)+Q,(/^^/^^), r^|t=o = 0, 
and define := — — h"^ which satisfies 

dtu' ^Qeis',w') + Qe{h',d'), c^^|t=o = 0. 

First of all, we remark that iof has moments equals to zero up to order 3. Indeed, let us prove 
that, for a e N'^, 

(4.22) V|a|<3, M„(tjf) := / w"wf(w)du = 0. 

Following ^I8t Lemma 5.8] we know that for maxwellian molecules the a-momcnt of the 
Boltzmann operator Qs.eig- h) is a sum of terms given by the product of moments of g and h, 
then we obtain 

(4.23) V|a| < 3, jMo^i^f) = ^o^.p Mp{ul)M^_p{sl) + ^ a^,p Mp{hl)M^_p{dl) 

l3<a 0<a 



and we deduce that 

VUl < .-^ 

dt 



(4.24) V |a| < 3, ^t^IcH) = ^ a^^p M^(wf )M„_/3(sD 



because for all la] < 1 we have Maih^) = Ma{dl) = 0. We conclude by the fact that 

Wo = 0. Therefore |w|4 is well defined and we do not need to "take-off the moments of w". 

We perform then the same cut-off as in Lemmas 14.81 and 14.111 and we have the following 
equation for 

d |2(c)i , ^\m\ 



dt 

< sup / b,(a-Ol + — \da (=. Ti) 

(4 25) im-'Js'i-^ \ 2141'' 2|4|* / 

where Rf goes to when K ^ oo. 

We compute first Ti using the fact that < 2 



ri< (supH|^) sup / 6f(a.a(ri^+iri^)da 

< Xk sup ■ 
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where Xk is the same that in the proof of lemma H. Ill Next, we compute Ts 



\m\\( \m\\ f ,K, 7,( \i^?\^ 

. .„ SUD . .„ SUD / 0. (a ■ t) \ ^-7^ 



2 



|2 



T2 < sup — sup —-7^ sup / b, {a-^)[ --^ da 

< \hiydl\^ sup / b^ia-oU-'y-tjda 

< A, e-^i-")^* M4(/o + go)'-" \h0\2M 

where we have used the estimates of lemmas 14.81 and 14.111 and is defined in (|2.18p . 
After these computations we obtain 

d 1^(01 , r J'^iOl ^ . , A ,-(l-r,)At (r , „ , , , 1+r, , p 

:j7 IC14 iei4 ^ i>np +Aee ^ " ^W4(,/o+5oj '|«ol2 

™ 141 141 feR'' 141 

and by Gronwall's lemma 



K 



sup < A,M4(/o + ffo)^-" Mo|'+" ' 



if - 

Finally, we conclude by relaxing the cut-off parameter if — >■ 00 and choosing (1 — 77)A E (0, A^) 
where A^ is the same that in lemma 14.111 therefore we have 

(4.27) \u;l\, < C, A,e-(i-'')^*M4(/o +50)'-" \9o - /0I2+". 
We obtain the same estimation for r^. 

Step 2. Consider the solutions /, g and h of (|4.12p . 

Let us choose Ai such that < (1 — 77)Ai < A, where A^ — > A G (0,oo) as e — > 0. Then we 
recover (j4.27p with the exponent Ai with does not depend on e. Hence, passing to the limit 
e — >■ 0, we have g^ — — ^ g — f — h (grazing collisions limit), and in the right-hand side 
of (|071) we have A^ -> A > (see ([TT^ ). Then 

\gt -ft- htU < Ae-(i-'')^^*M4(/o + 50)'/' |50 - /0I2+". 

□ 

Lemma 4.13. Consider fo,go G 'Pgi.r, r G R-Si; '^^d the solution of (|4.13p . There exists 
Ai G (0, 00) such that for any rj G [2/3, 1], there exists Cn such that we have 

(4.28) \g, ^f,-ht-rt\,< C, e~^'-^^^^' M^fo + go)'/' \go - foil'''' 
Proof of Lemma \4.1cl\ We prove the lemma in two steps. 

Step 1. Consider the solutions gf, ff and /if of (|4.15p and rl solution of (|4.2ip . Define -i/'t '■= 
5t ~ ft ~ ~ that satisfies 

= Qe{s^r) + Qe{h^w') -f Qe(r% rf^), ^1=0 = 0. 

First of all, let us prove that V't has moments equals to zero up to order 5, more precisely, 
for a G 

(4.29) V|a|<5, Ma{^PI) := [ i;" (w) = 0. 
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In fact, as in the proof of Lemma 14.121 we can compute the a- moment of ip 
d 
di 



(4.30) 



/3<a /3<a 

Y,ac.,0Mf!{rl)M^_0{dl). 



I3<a 



Since 

y\a\<2,M4hl)^M4dl) = 0, 
^ ' ' V|a| <3, M,(wn = ^'^a(rD=0, 

we deduce that 

(4.32) V \a\ < 5, j^M^m = ^ M^(V',^)M„_/3(4) 

and we conclude thanks to = 0. Then is well defined. 

We perform the same cut-off as in lemmas 14.81 14.111 and 14.121 and it gives the following 
equation for ^pt 



dt 

f 7,( m^)\m-)\ , iv^(r)ii?(r)i ^ , , 

< sup / 6,(^7-01 + ^6 j'^^ (=-^i) 



(4.33) ^1 f ^j innmni , m-)Mn\ \, . 



-sup/ 6,(a.OI + l^'^ (-^3) 



with i?f ^ as if 

We compute first Ti using the fact that \\s\\^ < 2 



Ti < sup ^ sup / 6f (a . a (le+r + irr) rf- 
< aK sup ^i^. 

Let us analyze ax, 

aK= [ &f(cT-f)(|e+r + |rr)rf^= 6f(a.aJ(l + 3(^-0') da 
and we compute 



K^oo Jgd-i (4/3) 
-a e (-00, 0). 



e->0 
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Next, we compute T2 

< /^^e-^^-")^* M4(/o + ffo)'-" 1/1012^012+" 

where we have used the estimates of lemmas 14.81 and 14.121 We compute Pk 

= fef (a • (1 - ^ • - hf{a ■ i)\ (l-{a- if) da 



2 4 
^- A — 



e^O 2 4 

with A > (see (|2.18p '). A > and we have the same estimate for T3. 
After these computations we obtain 

d m)\ , rA^m \m\ , « „-a-.) 

^ |^|6 +-'^ |^|6 P, |g|6 ^4(/0 + ff0j '|«0|2 

and by Gronwall's lemma 

sup ^ < /3kM4(/o + 5o)^-'' Idol r-ip n ^ 

We conclude by relaxing the cut-off parameter K ^ 00 and choosing (1 — 7])A e (0,Q:e), 
therefore we have 

(4.34) l^tle <C,A,e-(i-'')^*M4(/o + go)'-"Moir''- 

Step 2. Consider the solutions /, g, h and r of ()4.12p . 

Let us choose Ai such that < (1 — 77)Ai < a, where -> d G (0, 00) as e — > 0. Then we 
recover (|4.34p with the exponent Ai with does not depend on e. Hence, passing to the limit 
e — >■ 0, we have g'^ — — hf^ — g — f — h — r (grazing collisions limit), and in the right-hand 
side of (|4.34p we have A^ A. Then 

\9t -ft-ht-rt\e< C, Ae^f^-''^^^* M,{fo + g^f'^ I50 - /0I2+". 

□ 

Therefore the semigroup of the Landau equation 

coo ^ ^2,r, ^l,(l+2>))/3 ^0,(2+r,)/3 . ^ 

where Vg^ is defined as Vg^ but endowed with the distance associated to the norm || • \\g^ = | ■ le: 
with A2(/) := Mi{fY/'^ = Ai(/)^/'^. Moreover there exists a constant C4 > such that one has 

(4.35) sup r ([Sr]c-.o -f [Srfc^.o] dt < C4, 

rGRgj Jo V A2 A2 / 

which proves (A4). 
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Remark 4.14. In fact, we can deduce that 



sup / ( [S*^] „l,(l + 2,)/3 + [S'^]^0,(2 + ,)/3 + [S^]r,2.0 + [S^]^i.a I dt < C4. 

reRg, Jo V ^2 ^^2 ^2 A2 / 

However, coming back to the proof of Theorem 13.111 and from the proof of (A3) (|4.10[) . which 
gives a upper bound of only [$]c2,o instead of [<i>]ci.') + [^Ic^.o , we remark that (|4.35p is sufficient. 

4.5. Proof of A5. We define the space of probabifity measures Vg^ V2{^'^) = {/ G 



''); M2{f) < 00}, the constraint function 11153(1;) = (|i)p,ti) and Rg^ — {{r,r) £ jr\+ 



X 



M.'^; r < £q}. Then we define for a G (0, 00), the bounded set 

Brg,,a ■■={.feVg,; A/2(/) <a}, 

the constrained bounded set 

BVg„a,r ■■= {/ e BVg.^a, (/, \v\^) = r, (/, V,) for * = 1, . . . d}, 

endowed with the distance distg, — Wi- The following lemma proves (A5) with = Lip(M''). 

Lemma 4.15. Let fa, go have the same momentum and energy, and consider ft = S^{fo), 
gt = S'^{go) theirs respective solutions of the Landau Maxwell equation. Then 

(4.36) snpW2ifugt)<W2{fo,go)- 

Proof of Lemma \4.15\ Consider f^^gl the solutions of the Boltzmann equation with kernel 
satisfying the grazing collisions (|2.18p and with initial data /o and 50, respectively. We know 
from [12 that 

supW^2(/f,5f)< W^2(/o,5o) 

We know also that [53] f^ converges weakly in L^ to a weak solution ft of the Landau equation 
(grazing collisions limit). Moreover, both equations conserve energy so we have, for all e 



v\'ft{v)dv^ J \v\'ft{v)dv^ J \v\'fo{v)dv. 

Using the fact that the Wasserstein distance W2 is equivalent to the weak convergence in 
V{M.'^) plus the second order momentum convergence [5S], we obtain 

W2{ft, gt) < W2{ft,fn + W2{ft, gt) + W2{gt.9l) 

and then, passing to the limit e — > 0, we have W2{ft, ft) 0, W2{gt,gt) and 



supW^2(/t,fft) < W2ifo,go). 

t>o 



□ 



4.6. Proof of Theorem 14.21 The proof is a consequence of Theorem 14.11 some results on 
differents forms of measuring chaos from [11] , quantitative estimates on the chaoticity of initial 
data from [3] . 

Proof of Theorem \4-S\ (1). Thanks to Theorem 14. 11 taking f = 2, we have for all cj) — ^ (1)2 £ 
that 
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where we recall that — /(I + |CI^)I</'(C)I- Then we observe that, for r > 0, applying 

Cauchy-Schwarz inequality, 

ii0iib - /(I + + (01(1 + ley^' 



< c (^1(1 + (01') (/ (1 + lei' ' 

The first integral in the right-rand side is the norm ||0i|j//6+r and the second one is finite if 
2r > d. We have then iJ* cJ-"fors>6-|-d/2 which implies 

(4.37) sup||n2(Ff ) - /f2||^_, < C (ww, {^^F„'',Sf„) + l) . 

Let us denote Mk = Mfe(n2(Ff )) + Mk{ff^). Thanks to [H], for any < a < k{dk + d + k)-^ 
there exists C :— C{a, d, s, Mk) such that 

Wi{F^\ff'') ^ ^ J^||n2(Ff ) - /f 'llf^ + 7V-f 

which implies with (I4.37P 

(4.38) W,{Fr,fr) 

Now, we have just to estimate the first term of the right-hand side of (I4.37p . 

We have from 4, Proof of Theorem 8] that for any < /3 < (7c? -I- 6)^^ there exists C = C{f3) 
such that 

We assumed that M6(/o) is finite, which implies by contraction that Af6(n2(^o^)) is also finite. 
Then, for alH > we have Me{ft) finite (see 25 ) and Me(n2{F^ )) also finite (see Lemma H77|) . 
We can conclude gathering the last equation with (14.381) . k — 6 and s > 6 + d/2. □ 

Using this result, we can prove the second part of the theorem following [18] . 

Proof of Theorem \4-S\ (2). We split the expression into 



N N N +'^^nJt,l), 

where 7 is the equilibrium Gaussian probability with zero momentum and energy £ — J \v\'^d'y. 
For the first term we have from point (1) that for all e < 9[{7d + 6)'^{d + 9)]^^ there exists 
such that 



W^iFl'jr) 



< aN- 



N 

The second term can be estimated by jU Theorem 18] 

for some 9 > e. For the third term, thanks to [25l Theorem 6] we have 

Wi{fuj)<\\{ft-l){v)\\L^<Ce-^K 
for contants C > and A > 0. Finally, putting togheter these estimates it follows 

(4.39) '^^'^ ^ < CUN-' + e-^*). 
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Moreover, consider the Radon-Nicodym derivative of with respect to 7^, i.e. = 
dFl^/d-y^. Thanks to [Til, for all iV G N* and i > 0, it holds 

where Ai > 0. Since F^^ = and /q G VeiM.''-), it is possible to bound the right-hand 

side by 

with ^ > 1 that depends on /q. Hence we deduce, with cj) : M'^^ — > M, 

W^i(Ff,7^)= sup / 0(dF^-(i7^) 

||0|lcO,i<l jRdN 
N 

?N j„,Af| 



which implies 

(4.40) El(^<^-e--. 

Define N{t) by 7V(t) Aii {2\ogA)-^ for some (5 > 0. Then, choosing for TV > N{t) and 

dUni) for N < N{t) it yields, for aU N eW and f > 0, 

W^iF,^,-/^) 



N 

with a polynomial funtion — >■ as i — )■ 00 



< p{t) := min {c^ (iV(i)-^ + e"^*) , e"^*} , 



□ 



5. Entropic chaos 



We can define the master equation (|2.29p on M''^ or S^{£) thanks to the conservation of 
momentum and energy, hence for G 7'sym(R''^) and G Vsym{S^ {£)) we have 

(5.1) d,{g^,^) = (5"^,G^^), VV.gC,2(R'^^) 

(5.2) dtif'',^) = (r,G^0), V</.GC2(5^(f)), 

where is given by (|2.29p . 

Suppose that is abolutely continous with respect to the Lebesgue measure (and we still 
denote by g^ its Radon-Nikodym derivative). Taking ip — logg^ in (jS.ip . we obtain an equation 
for the entropy of 5^, i.e. H{g^) := J^^n 9^ fog5^ dV, 
(5.3) 

— / g \ogg dV = -—}^ a{v, - Vj) [ — ^ M —jd dV<0, 

dt J^dN 2N ^ jTs-dN \ g" g" J \ g" g" J 

since a is nonnegative. 

Considering now absolutely continuous with respect to 7^^^, the uniform probability mea- 
sure on S^{£), and denoting by h'^ := df^ /d^^ its derivative, we want to obtain a similar 
expression for the relative entropy of with respect to 7^, given by 

(5.4) H{f^\^^):^ I h^logh^d^''. 
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For this purpose we could take — \ogh^ in (j5.2|) . but we have to give a meaning to Vih^ for 
a function defined on . _ 

Let us consider h a function on {£) and wc define h on M''^ by 

(5.5) hiV) = p{£iV)) r^iMiV)) h (^£ , e R'^ . 

where £{V) = N-^ X^^i " ■^(^)P> ^i^) = E^i and the functions p and rj are 
smooth. 

Denoting by V^jv the gradient with respect to S'^{£) and by Vj^ the gradient with respect 
to its orthogonal space (5^)^, we can decompose the gradient on M''^ 

(5.6) VRdivft, = V±h + VgNh = (V±pri) h + p7]VsNh ~ (V± log{pri)) h + p?/ V^n/i. 
For h we can compute V^ft- G M'', for 1 < z < iV, as 

Vi/i = ^/i ) = ( VRdjv/i • ej,Q, ) , 

V ' / l<a<d \ / l<a<d 

where {ei^a)j.i3 — SijSap G M"*^. Hence by (|5.()|) . for all 1 < i < iV and all 1 < a < rf, 
t^t-^.c.^ = (V-L log(p?7) ■ ei^a) + p77 (V^ivft. • e^^a)- 

Now, observing that (Vj^ log(p77) • (e^^Q — ej,a))i<Q<d is proportional to (vi — Vj) and using that 
a{z)z = for all z e M"*, we can evaluate the expression 

a{vi — Vj) {Vih — Vj/i^ • {Vih — Vjhj — {prj)^ a{vi — Vj){y gNh — V^n/i) • {S/ gnh — V^wft,), 
where we define 

(5-7) ^s^h= {VsNh■ei^a)l<^<d■ 

Sv^\ce we have the following Fubini-likc theorem for Boltzmann's spheres (see [311]) 

p{£{V))ii{M{V))A{h (g ^ dV 

(5-8) " . . / \ 

= ( / B{p{£),i^{M)) d£dM] I A(/^)d7^ 1 , 
VJr+xr<* / \JS'^{S) J 

for some functions A and i?, thanks to (j5.3p with /i = /i^ and /i = g^, we obtain the equation 
for i?(/^|7^) 
(5.9) 
d 



dt 



log/i^d7^ 

1 . /V5«/.^ V5«/i^\ /W^.h^ ^^^''''\uN, 



= : -D^(F^) < 0, 
and is called the entropy-production functional. This implies 

(5.10) 1 |7^) +J^^ i?^(Ff ) ds = 1 i/(n"^|7^). 

Moreover for the limit equation we have [23] 
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and then for the relative entropy H{f\^) = J{f /'j)log{f /j)^{dv), we obtain 

(5.11) H{Mj) + f Difs) ds ^ Hifoh). 

Jo 

Lemma 5.1. If is f -chaotic, then 

i^(/l7) < liminf ^i7(i^^|7^) and D{f)<\immf^D^{F^). 

Proof of Lemma \5.1i The lower semicontinuity property of the relative entropy is proved in [H 
Theorem 21], thus we prove only the second inequality. 

Let us denote V12 = Vi — V2, V^jv — V^n — V^n, and for all x,y,z S M'' we denote 
a{z)xy = {a{z)x) ■ y. Since a is nonnegative, considering a function (p : M.'^'^' — > M.'^, we have 

a{vi-V2) (Vi2l0g/i/2 - I) (Vi2l0g/i/2 " |) > 0, 

which gives the following representation for D{f), 

D(/) = i sup [[a{vi-V2) (Vi2log/i/2)^- ^ fif2dvidv2 

= ^ ™P I I \~^12 ■ {a{vi - V2)(p) ~ a{vi - V2)'^\ fif2dvidv2 



2 i^:R2£i-^R<i J J ^ 4 J 

where /i = /(wi) and /2 = f{v2)- Let e > and choose ip = ip{vi,V2) '■ R^'^ K'' such that 



1 



D{f) - e < ^ J J |-Vi2(a(wi - W2)<p) - a(ui - W2) ^1 /1/2 dwi rfw2. 
For the A^-particle entropy-production defined in (|5.9p . we have by symmetry 

iv^ ) = 2 X„ "("^ - (^^^^^ h^)-[-l^ '^^ 

. ^(^-1) r^N^^N, 



and then liminfjv^oo > liminf^v^oo I^^^C-F^). For $ : M''^ ^ M'', $ e Cl, we 

have, with = /i^7^, 

DUf"")^]: I a{v^-V2)^s«^ogh^ ■^,2\ogh^h^d^'' 

= ^ sup / a(wi - U2) (v^iv log/i^$ - $$74) /i^d7^ 

= i sup ( / a{v^ - «2) - / a{v^-V2)^h'' d^A. 

Choosing = ^{v\,V2) we obtain, using (|5.7p . 

(5.12) 

DUf'')>\ \ a{v,-V2)\7<,.h^^dj^-U a{v,-V2)^h^dj^ 

> i / V5«/i^ • [(ei,Q - e2,a) aa/i(wi - 1^2) <y5/3] ^7^ - ^ / a{vi - V2) ^ dj^ . 
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We need an integration by parts formula for the first term on the right-hand side, thanks to [H 
Lemma 22], for a function A and a vector field we have 

WsnA{V) ■ + A{V) divsN ^{V) - '^^^ ~ ^ A{V) ^{V) ■ v\ d-f^{V) = 0, 



with 

N d N d 

(5.13) div5«*(y)=div*(T/)-- ^ E^-.^*^^^(^)-EE^■^*^./3, p. 

Taking = {ei,a - e2,a) a-apivi - V2) ifp we obtain 

V^iv/i^ • (ei,Q - 62^0) aapivi ~ V2) tpp d^^ 

div^N [(ei,Q - 62. a) aap ^pp] dj^ + [ a^p (pp (ei,Q - 62,0) • V d^^ . 

Since (bi^q — ^2,0) • ^ = {vi.a — ^2,0), when performing the summation a, (3 — 1 to d in the 
second term of the right-hand side of last equation, we obtain 



h^a{vi — V2){vi — V2) ipd^^ = 0. 



For the first term, thanks to (|5.13p . 

d 



divgN [(ei,a - 62,0) ttap (fip] dj^ 



/ c JV 

Q,/3=l ■ 

Vi2-{a{vi-V2)^)h'^ d-t"" 

d 



E TT7l2 / {'"l-^l{aal3fl3)+V2-V2{aal3'4^p)}{vi.a~V2,a) 



h'^ dY 



a, 13=1 



Getting back to (|5.12p with last expression, we split the integral over (ui, W2) and {vi, V2) ■— 

{{V3, ...,Vn)£ M'*^^-^). y ^ gNj^ ^^^^ |y|2 ^ Is'^iv^.V2) ^^^7^ = ^2^> ^hich 

yields 
(5.14) 

D^^iF'') > -i // Vi2 • {a{vi - V2) if) F^{vi,V2)dvi dv2 - I f f a{vi - V2) ^ F2^(vi,^^2) dvi dv2 



2 J J ^ ^ - z V w 2 77 ^ ^ ^'4 

+ E // {«! • Vl(aQ/3 9?^) -I- W2 • V2(aa^ (/?/3)} (wi,Q - W2,Q)^'2^(wi,W2)dWl dw2 

Passing to the limit N ^ oo, since ^ /"^^ we obtain 

liminfi^f2(i;^^) > i /|_Vi2-(a(«i-«2)^)-a(fi- 1^2)^1 hf2dvi dv2 > D{f) - e 

N=f-oc Z J ^ 4 J 

and we conclude letting e go to 0. 

□ 

We define the Fisher information of G G 'P{M.'^'^) that is absolute continuous with respect to 
the Lebesgue measure by 

/(G) l^^;:^'' dV. 
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Moreover, for a F G V{S^{£)) absolute continuous with respect to 7''^, we define the relative 
Fisher's information by 

(5.15) I{Fh''):=f %^d7^ h=-^, 

where V^jv stands for the gradient on {£). 
We can now give the following result. 

Lemma 5.2. Let E VsymiS^ {£)) with finite relative Fisher information /(Fj^|7^). For 
all t > consider the solution F^ of the Landau master equation (I2.29p . Then we have 

Proof of Lemma\SM Denote dF^/d-y'^ and^for all t > 0, /if := dFf /d-y^ . Consider 

defined on given by dSTS]) and define then F^^ = ^ a solution of where ^ is 

the Lebesgue measure on W^^ . Following 18, Lemma 7.4], we claim that is enough to prove 
that 

Jr'"^ /if JK'i" /if 

Indeed, this equation, (|5.6p . (15. 8p and the conservation of momentum and energy yield 
/(F,^) - |V^log(pr;)|2 +( [ Bipi£),rj{M)) d£ dM 

< \\/Mpri)?+( I B{p{£U{M)) d£dM] ( f '^-^ry ^7^) = /(^o^), 
which implies, dropping the time independent terms. 

Now, let Fjf G 7'sym('5^(£)) be the solution of the Boltzmann master equation 
with collision kernel satisfying the grazing collisions assumptions (j2.18p and initial datum 
F^ e 'Psym(5^(f )). Then we have from [HI Lemma 7.4], for all t > 0, 

J(Ff,) < /(Fo^), 

where Ff^ , F^f e 7'sym(IIi''^) are contructed as before. 

Since F^f weakly converges towards F^^ when e — > and the Fisher information functional 
is weakly lower semicontinuous, we obtain 

/(Ff)<liminf/(i?,f)</(i?o^) 

and that concludes the proof. 




□ 

Now, with the definitions of relative entropy (j5.4p , relative Fisher information (|5.15p and the 
notion of entropic chaos, described below, we are able to state our main theorem of this section, 
concerning the propagation of entropic chaos. 

Let F^ be a sequence of probability measures S^{£) such that Ff weakly converges to / in 
measure sense, for some / £ V{M.'^). We say that F^ is entropically /-chaotic if 

For more information on entropic chaos we refer to [31 llll |3] . 
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Theorem 5.3. Let fo e 'P{M.'^) and Ff^ £ 'Psym(5^) that is fo-chaotic. Consider then, for all 
t > 0, the solution of the Landau master equation (|2.29p with initial condition F^ , and the 
solution ft of the limit Landau equation (j2.10|) - (j2.1ip with initial data /q. 
Then we have 

(1) If Fq is entropically fo-chaotic, then for all t > F^^ is entropically ft-chaotic, more 
precisely 

^H{Ff\j^)^H{ft\j) as TV^oo. 

(2) Consider fo G Vei^'^) with /(/0I7) < 00 and Fj^ = [ff^]s« G VsymiS^)- Then, for all 
t > 0, F^ is entropically ft-chaotic, more precisely, for any < e < 18[5(7d + 6)^(d + 
9)]^"'^ there exists a constant C :— C{e) such that 



sup 



-H{F^'\r)-H{fth) 



< CN- 



(3) Consider fo € VeO^'^) with I{fo\l) < 00 and F^ = [ff^]s« € VsymiS^). Then for all 



N it holds 



N 



for some polynomial function p{t) — > as t —> 00. 

Proof of Theorem \5.3\ (1). The idea is from T8]. Using (|5.10p . (|5.1ip and the entropic chaoticity 
at initial time, one has 

i H{f^\^^) + 1 D^{f!') ds = ^ H{f^\^^) 



N- 



Hifoh) ^ Hifth) 



D{fs)ds. 



By Lemma [5. II one also has 

liminf |7^) + f^^ D^{F^) ds^ > H{ft\^) + D{f,) ds, 

and we can conclude with these two last equations togheter with Lemma 15.11 



□ 



Proof of Theorem\EE (2). From Lemma O we know that, for all t > 0, N-'^I{Ft^\j'^) < 
7V~^/(F(j^|7^) and the later one is bounded by construction, we deduce then that normalized 
relative Fisher's information N~^I{F^\'y^) is bounded. Since the limit Landau equation prop- 
agates moments and the Fisher's information's bound [531 [55], we have, for all t > 0, Me{ft) 
and I{ft\l) bounded. 

We can then apply [U Theorem 31] to F^^ and we obtain that for any P < {7d + 6)^^ there 
exists C" = C"(/3) such that 



N 



H{Fi'^W')~H{Jt\i) 



N 



We have then to estimate the first term of the right-hand side. From TT], the following estimation 
holds. 



(5.17) 



1/10 



N 



< C 



N 



' w.jFt^J^^) 
N 



2/5 
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We observe that N-'^Me{Ft'^ J?^) is bounded 



where M,{F,^ , /f ^) = M^iF^ + Me{f?^) 

since N-^Mei ff'^) = Meift), N-^Me{Ft^) < C N-^Mq{F^) by Lemma and N~'^MQ{F^ 
is bounded by construction, thanks to the assumption M6(/o) finite. 

FinaUy, Theorem 14. 21 and last equation imply that for any e < 9[(7(i' 
(3 < {7d + 6)~^ there exists a positive constant C = C{e,f3) such that 



7N\ 



6)2(d + 9)]"i and any 



(5.18) 

which concludes the proof. 



li/(Ff|7^)-i/(/,|7) 



□ 



Proof of Theorem\^ (3). By the HWI inequality [Ml Theorem 30.21], for all i > 0, we have 



- 2 V TV 



iV - 2 V iV VA^ 

From Lemma Owe have N-^I{Fi^ \-f'^) < N-'^I{Ff^\-/'^) < C for some constant C > 
independent of N, by construction. Moreover, thanks to Lemma l¥771 and (|5.17p we deduce 

2/5 



W2{F,\j^) 
N 



< C 



N 



Gathering these two estimates with point (2) in Theorem 14.21 it follows 



H{F,^h^) 
N 



< C 



W^{F,\^^) 



N 



2/5 



for a polynomial function p{t) — > as t — > oo. 



□ 
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